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A fully compressible database of turbulent non-premixed flames of a wood pyrolysis
gas is developed by means of direct numerical simulation (DNS). A reduced kinetic
mechanism is used to model the combustion of a pyrolysis gas–air mixture. The
instantaneous flame surface density evolution equation based on the concept of a
displacement speed is examined. The normal component of the displacement speed is
nearly constant with respect to curvature, while the curvature-related component tries
to restore the flame front to a planar shape. The strain-rate term is mainly a source
as the flame is mostly extended. The normal displacement is responsible for both
positive and negative contributions to the flame area. The displacement/curvature
term is primarily a sink, since it is dominated by its curvature component. Effects
of strain and curvature are analyzed by considering their correlations with reaction
rates. Reaction rates are enhanced with increased positive strain rates owing to an
increase in the flame surface area and to a decrease in curvature. The analyzed results
aid in the development of turbulent combustion models. Finally, a new model for a
mean variance of the scalar dissipation rate, based on a scale similarity approach, is
proposed and examined. A comparison with DNS results shows that the proposed
model provides a significant improvement over existing models.

Key words: combustion, turbulent diffusion flame, direct numerical simulation,
wood pyrolysis gas.

INTRODUCTION

Direct Numerical Simulation (DNS) of turbulent
non-premixed flames is a useful tool in improving our
understanding of complex interactions between combus-
tion and turbulence. It also serves as an essential tool
in the development and assessment of turbulent com-
bustion models. Detailed investigations of fundamen-
tal physical processes may be conducted using DNS.
Over the last decade, several researchers have carried
out DNS to solve turbulent non-premixed flame prob-
lems [1–3]. The turbulence–chemistry interaction and
turbulence effects on the flame structure have been in-
vestigated with the use of various chemistry models and
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flame configurations. Mahalingam et al. [4] used finite-
rate two-step chemistry in their DNS study of transient
effects on turbulent non-premixed flames. Bushe et al.
[5] incorporated a two-step reduced mechanism for the
combustion of a methane–air mixture with a nitrogen–
oxygen mixture into a DNS code, with thermodynamic
properties assumed to be constant. Another non-
premixed DNS work was carried out to investigate au-
toignition of n-heptane–air combustion described by a
single-step irreversible reaction [6]. Recently, a two-
dimensional DNS was performed to study the burning
modes (premixed versus non-premixed burning) in au-
toigniting mixtures of hydrogen in heated air [7].

In the case when chemistry is sufficiently fast, the
chemical time scale is short compared to the convection
and diffusion time scales. Consequently, combustion
takes place within asymptotically thin elements embed-
ded in the flame. These elements are called flamelets [8].
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In the flamelet regime, the burning rate can be esti-
mated through the flame surface density (FSD) defined
as the flame surface area per unit volume. The con-
cept of the flame surface density was first introduced to
describe non-premixed turbulent combustion by Marble
and Broadwell [9]. An analysis of physical effects con-
tributing to flame surface variation provides an under-
standing of how the flame surface is created, destroyed,
distorted, and propagated due to a variety of mecha-
nisms such as convection, curvature effects, and molec-
ular diffusion. Different forms of the transport equation
were introduced through geometrical considerations [9–
11] or through a statistical approach [12, 13]. Based
on a non-premixed combustion assumption, two equiv-
alent exact transport equations for the isolevel surface
density were derived [11]. One approach starts from
a mixture fraction balance equation coupled with the
definition of the flame surface density. In the other
approach, the FSD transport equation is derived from
the G-equation. The terms in the transport equations
were extracted from DNS results and individually an-
alyzed. Models for the unclosed terms were proposed.
Van Kalmthout et al. [11] performed DNS of a constant-
density mixing layer, assuming infinitely fast chemistry
described by a single-step reaction with representative
fuel and oxidizer. Van Kalmthout and Veynante [14] ex-
tended the work to account for heat-release effects with
variable-density flows. An ideal gas was assumed with
a constant specific heat ratio.

In our present work, we conduct DNS of turbulent
non-premixed flames of a wood pyrolysis gas, which is
a primary source of fuel to largely gaseous flames in an
intense wildfire. In some situations of an intense fire, lo-
cal meteorological conditions are substantially modified
and could lead to a “blow up” [15]. For these intense
conditions, the details of gas-phase combustion through
which a large amount of energy is released need to be
included in developing a physically sound fire model.

In the present work, the resulting database is in-
troduced with descriptions of its fundamental features
and statistics. The work has three primary objectives.
The first objective is to examine individual terms con-
tributing to the flame surface density evolution equa-
tion. As discussed earlier, a similar analysis was car-
ried out for the flow configuration of a turbulent mixing
layer modeled with a simple one-step reaction [11, 14].
Unlike their studies wherein the fuel is a pure gas, in
our simulation the fuel is a pyrolysis gas comprised of a
mixture of gases with more realistic chemical kinetics.
The flame displacement speed and the role of curva-
ture on FSD dynamics are physically interpreted and
investigated. The relative importance of the curvature
and strain rate is a subject of discussion, but little data

are available for non-premixed flames. The past work
related to this subject is mostly devoted to premixed
flame investigations [10, 16–19]. This constitutes the
second objective to present some preliminary findings
with regard to the effects of the curvature and strain
rate on the structure of the turbulent flame. Our third
objective is motivated by the desire to develop a model
for the mean variance of the scalar dissipation rate used
for the flamelet model. A new approach based on the
concept of scale similarity is introduced.

1. NUMERICAL PROCEDURE
AND FLAME PARAMETERS

In the present study, we use a two-dimensional
DNS of turbulent non-premixed flames of a wood py-
rolysis mixture gas, which is a gaseous fuel mixture re-
leased from high-temperature pyrolysis of the ground
fuel. This fuel is a complex mixture, including four
main gases (CO, H2, CH4, and CO2) [20]. The combus-
tion of pyrolysis gas mixtures occurs through several
hundred elementary reactions. Although a detailed re-
action mechanism with an accurate description of the
complex chemistry is possible, the computational cost
is high. Therefore, a recently derived reduced four-step
chemical kinetic scheme for modeling combustion of the
wood pyrolysis gas is employed [21].

Numerical simulations of turbulent reacting flows
involving such a complex chemistry remain very chal-
lenging owing to severe stiffness and nonlinearity of
the governing equations including a large number of
reactive species and a wide range of length and time
scales. In the present work, a two-dimensional com-
putational geometry is chosen, which makes feasible
the inclusion of a more realistic chemistry. Although
two-dimensional turbulence precludes physical effects
like vortex stretching, previous studies have shown
that the probability of finding locally three-dimensional
spheroidal flames associated with the vortex stretch-
ing mechanism is much lower than the probability of
finding two-dimensional cylindrical flame sheets [22].
Two-dimensional turbulence provided detailed statisti-
cal correlations similar to those of the three-dimensional
case [14]. Domingo and Vervisch [23] carried out two-
and three-dimensional turbulent combustion calcula-
tions. They investigated the role of triple flames and
partially premixed combustion in the ignition processes
of a non-premixed turbulent mixture. They found that
two-dimensional calculations provided results similar to
those of the three-dimensional case. Additionally, past
research has shown that the difference between two- and
three-dimensional effects on the dynamics and statis-
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Fig. 1. Initial profiles of mass fractions (αi) and tem-
perature of opposed-flow diffusion flames for the wood
pyrolysis gas.

tics of the flame surface are not significant [16, 24].
Thus, two-dimensional simulations can capture most of
the turbulence-chemistry interactions. In recent years,
many two-dimensional simulations have provided valu-
able results in turbulent reactive flows involving com-
bustion [14, 17, 25].

The governing equations solved include mass, mo-
mentum, energy, and species conservation equations,
which describe pyrolysis gas combustion [26]. A two-
dimensional 1.0× 1.0 cm domain with a uniform finite-
difference grid resolution of 256 × 256, sufficient to re-
solve the smallest reaction zones, is utilized. An ini-
tially strained, one-dimensional laminar diffusion flame
between the pyrolysis gas mixture and air is used, com-
puted using an OPPDIF code [27]. The strain is re-
moved as the flame becomes unstrained for the reaction-
zone initialization. Initial profiles of reactant mass frac-
tions and temperature are given in Fig. 1. A homo-
geneous turbulence field is “initialized” in the compu-
tational domain after the initial disturbance acoustic
waves exit the domain. A fluctuating velocity field is
generated. The Fourier transform of velocities is cal-
culated in accordance with the turbulent kinetic en-
ergy Passot–Pouquet spectrum [28]. After that, a fast
Fourier transform is used to reconstruct the velocities
in the physical space. The initial turbulence Reynolds
number based on the integral length scale is 118.

A compressible DNS code originally developed for
combustion of perfect gases with constant specific heats
[29] was modified to accurately treat mixture gases hav-

ing variable thermodynamic properties with complex
chemistry. Simple Fickian diffusion with the Lewis
number approximation recommended by Smooke and
Giovangigli [30] is employed as a transport model for
individual species. Spatial derivatives are discretized
using a sixth-order accurate compact finite-different
scheme [31]. Such a scheme accurately model the be-
havior of the acoustic wave and ensures a reasonable
spectral resolution for both amplitude and phase of the
solution. Simulations at the boundary and in the nodes
adjacent to the boundary have the third and fourth
order of accuracy, respectively. A third-order Runge–
Kutta scheme is used to integrate the equations in time.
A modified Navier–Stokes characteristic boundary con-
ditions (NSCBC) method described in detail in [26] is
used to handle the boundary conditions. Nonreflecting
boundary conditions are prescribed in the y direction.
The x-direction boundary conditions are periodic.

A substantial computation in this study was con-
ducted using parallel computers. The parallel algorithm
was based on the method developed for the DNS of tur-
bulent stratified shear flows [32]. The communication
required among the computers is achieved by using the
message passing interface (MPI) standard [33].

2. CHEMICAL KINETICS

Chemical reactions are modeled using a 4-step re-
duced mechanism recently developed in [21]. The model
involves the reacting species CO, H2, and CH4, the com-
bustion products H2O and CO2, and the radical H as an
intermediate species. Other species (CH3, CH2O, HCO,
O, OH, and HO2) are assumed to be in a steady state.
It was found that the partial equilibrium approxima-
tion introduced an error. This is due in part to the fact
that CO and H2 are part of the fuel in the oxidization
process of the pyrolysis gas, unlike in hydrocarbon–air
flames of pure gases where they are treated as interme-
diate species. The reduced reaction mechanism involves
the reactions

CH4 + 2H + H2O = CO + 4H2,

CO + H2O = CO2 + H2,

H + H + M = H2 + M,

O2 + 3H2 = 2H + 2H2O.

(1)

The reduced mechanism was validated using three test
environments, which included a perfectly stirred reac-
tor, a premixed flame, and an opposed diffusion flame
[21]. Calculations performed with full, skeletal, and
reduced chemistry over a wide range of pyrolysis fuel
gas compositions, equivalence ratios, and strain rates,
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are compared. By comparing the temperature distri-
butions, species profiles, premixed flame speeds, and
diffusion flame extinction conditions, it was found that
the reduced mechanism generally provides a good de-
scription of the oxidation process of the pyrolysis gas
[21]. The mass fractions of the pyrolysis fuel gas cho-
sen in the present paper were YCO = 0.35, YH2

=0.042,
YCH4

=0.066, and YCO2
= 0.542, representative of as-

pen wood [34].

3. TRANSPORT EQUATION
FOR FLAME SURFACE DENSITY

Under the flamelet assumption, the diffusion flame
is located near the stoichiometric isolevel Z(x, t) = Zst,
where x is the spatial coordinate vector, t is the time,
and Z is the mixture fraction defined for the pyrolysis
gas mixture [21] as

Z =

YC − YC,ox

vCWC
+

YH − YH,ox

vHWH
+ 2

YN,ox − YN

vNWN

YC,f − YC,ox

vCWC
+

YH,f − YH,ox

vHWH
+ 2

YN,ox − YN,f

vNWN

, (2)

where W is the molecular weight; the subscripts C, H,
and N denote carbon, hydrogen, and nitrogen atoms,
and the subscripts f and ox represent the initially un-
mixed fuel and oxidizer states, respectively. The co-
efficients vC, vH, and vN are computed according to a
simplified global reaction. With this definition of the
mixture fraction, the peak temperature is very close to
stoichiometric over a range of pyrolysis gas composi-
tions. For the chosen pyrolysis gas composition burn-
ing with air, Zst = 0.226. Since the flame front in non-
premixed flames corresponds to a particular isolevel of
the passive scalar, an exact expression for the FSD (Σ)
can be obtained through the product of the magnitude
of the scalar gradient and the “fine grained” probability
density function (PDF) [14]:

Σ = |∇Z|δ(Z − Zst) (3)

(δ is the Dirac delta function). The flame surface den-
sity balance equation was first developed in [9] to ana-
lyze turbulent diffusion flames. This derivation is based
exclusively on phenomenological considerations.

An alternative formulation of the transport equa-
tion for Σ was derived in [14], based on the mixture
fraction balance equation in the form of the G-equation

∂Z

∂t
+ u · ∇Z = w|∇Z|, (4)

where u is the velocity vector and w is the displacement
speed.

The displacement speed w measures the isoscalar
propagation speed relative to the flow field. An isosur-
face of the mixture fraction Z is considered. If this iso-
Z-surface propagates in the normal direction in the flow
field u, similar to the premixed combustion case [10],
the absolute propagation speed v of the iso-Z-surface is

v = u + wn, (5)

where the unit normal vector n of the iso-Z-surface is
defined as pointing toward the oxidizer side:

n = − ∇Z

|∇Z| . (6)

The displacement speed w is defined as

w =
1

ρ|∇Z|∇·(ρD∇Z)

= − 1
ρ|∇Z|

∂

∂n
(ρD|∇Z|)

︸ ︷︷ ︸

wn

−D∇·n
︸ ︷︷ ︸

wc

, (7)

where
∂

∂n
is the derivative along the flame normal vec-

tor n and D is the diffusion coefficient. The curvature
K = ∇ · n is defined positive if the flame is convex
toward the oxidizer. The first contribution wn repre-
sents the displacement speed due to diffusive processes
normal to the flame front at the stoichiometric mixture
fraction. The second contribution wc is related to the
curvature of the iso-Z-surface. The transport equation
for the instantaneous FSD is

∂Σ
∂t

︸︷︷︸

I

+∇ · (uΣ)
︸ ︷︷ ︸

II

= (∇ · u − nn :∇u)Σ
︸ ︷︷ ︸

III

−∇ · (wnΣ)
︸ ︷︷ ︸

IV

+ (w∇ · n)Σ
︸ ︷︷ ︸

V

. (8)

The terms on the left-hand side correspond to the un-
steady effect (I) and convection by the mean flow (II).
The terms on the right-hand side correspond to the tan-
gential strain rate acting on the surface (III), normal
displacement of the flame front w (IV), and displace-
ment/curvature effects (V). From the definition of the
displacement speed w, the curvature term may be split
into two contributions as [14]

w∇ · n = wn∇ · n −D(∇ · n)2, (9)

where the first contribution denotes effects due to the
flame normal displacement. The second contribution
represents flame surface destruction caused by the ac-
tion of molecular diffusion in the wrinkled areas of the
flame front. The terms appearing in Eq. (8) are exam-
ined in detail under results and discussion.
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This formulation of the flame surface density is sim-
ilar to the transport equation derived for premixed com-
bustion [10, 35], where the balance equation for pre-
mixed combustion was derived. The transport equation
was developed from the rate change of the flame front:

∂Σ
∂t

+ ∇ · (uΣ)

= (∇ · u − nn : ∇u)Σ − n · ∇ (wΣ) . (10)

The last term in this equation can be expressed as

n · ∇ (wΣ) = ∇ · (nwΣ) − wΣ∇ · n. (11)

The only difference between the transport equations (8)
and (10) is in the definition of the displacement speed w.
Unlike premixed flames where the displacement speed
w can be estimated from the laminar flame speed Sl due
to diffusion/reaction balance, in non-premixed combus-
tion, the displacement speed w is governed by diffusive
processes only.

4. MODEL FOR MEAN VARIANCE OF THE
SCALAR DISSIPATION RATE WITH THE
SCALE SIMILARITY APPROACH

A scale similarity model was proposed and success-
fully utilized for the subgrid-scale variance of the mix-
ture fraction [36–38] used for large eddy simulations.
The model is based on the idea that the largest un-
resolved scales have a structure similar to the small-
est resolved structures. The goal in this section is to
demonstrate that the scale similarity approach may be
extended to estimate the variance of the scalar dissipa-
tion rate required in the flamelet model [8]. The scalar
dissipation rate χ represents the rate of molecular mix-
ing defined as

χ ≡ 2D ∂Z

∂xj

∂Z

∂xj
. (12)

In flamelet modeling, a turbulent diffusion flame is
viewed as a statistical ensemble of thin laminar flames
called flamelets [39]. The flamelet model assumes that,
for turbulent flames, the local balance between the dif-
fusion and the reaction is similar to one in a laminar
counter flow diffusion flame [3]. The mean mass frac-
tions and reaction rates are

Ȳi =

∞
∫

0

1
∫

0

Yi(Z, χ)P (Z, χ; x, t)dZdχ, (13)

¯̇ωi =

∞
∫

0

1
∫

0

Yi(Z, χ)P (Z, χ; x, t)dZdχ, (14)

where Yi(Z, χ) describes the local flame structure and
P (Z, χ; x, t) is the joint probability density function,
PDF of Z, and its dissipation rate χ. The joint PDF
accounts for the statistics of fuel–air mixing. A library
of Yi(Z, χ) is constructed by solving a laminar diffusion
flame. The joint PDF P (Z, χ; x, t) may be modeled un-
der the assumption that Z and χ are statistically inde-
pendent. Therefore, P (Z, χ; x, t) can be written as

P (Z, χ; x, t) = P (Z; x, t)P (χ; x, t). (15)

It is well known that the probability density function
has been applied to develop subgrid scale closures in
turbulent combustion modeling [40–43]. PDFs on the
right-hand side of Eq. (15) can be modeled. A beta-
function is assumed for P (Z; x, t) [44]. Discussions on
modeling P (χ; x, t) are presented below.

Approach and Formulation

Peters [45] approximated P (χ; x, t) using a well-
known log-normal distribution to determine the proba-
bility of burning flamelets:

P (χ; x, t)

=
exp

(

− 1
2σ2(x, t)

(ln χ − γ(x, t))2
)

√
2πχσ(x, t)

. (16)

Here the parameters σ and χ are related to the first and
second moments of the scalar dissipation rate by

χ̄ = exp
(

γ +
σ2

2

)

, (17)

χ′2 = χ̄2(exp(σ2) − 1). (18)

Models for the mean scalar dissipation rate χ̄ have been
proposed [37, 46, 47]. It was found from the experi-
ments that σ2 should be close to unity [48, 49]. Once
σ is known, the parameter γ can be computed. Con-
sequently, the PDF P (χ; x, t) can be obtained from
Eq. (16).

In this paper, we focus on the mean variance of the
scalar dissipation rate χ′2, which is defined as [36]

χ′2 = χ2 − χ̄2. (19)

A simpler alternative to modeling χ′2 by using a scale
similarity model is proposed. This approach was suc-
cessfully applied in modeling the variance of a passive
scalar mixture fraction [37, 50]. Recently, scale similar-
ity of the scalar dissipation rate was assumed in develop-
ing dynamic structure models for large eddy simulation
[51]. Thus, χ′2 can be modeled as

χ′2 ∼= c(̂χ̄2 − ̂̄χ
2
), (20)
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Fig. 2. Equispaced vorticity contours overlaid by equispaced flame surface density contours (indicated by arrows)
with 10 levels: vorticity contours ranging from −2377.19 to 3146.54 sec−1 (a), from −9856.26 to 8158.42 sec−1 (b),
from −9337.52 to 7007.6 sec−1 (c), and from −8816.56 to 6439.8 sec−1 (d).



264 Pakdee and Mahalingam

where c is a scale similarity constant; the test filter with
a size larger than the filter grid is marked by hat sym-
bol. The filter operation used is defined in Sec. 5.3. The
right-hand side term of Eq. (20) is contributed by ed-
dies with sizes ranging from the filter gird scale to the
test filter scale. The parameters γ and σ can be easily
derived in terms of χ′2 and χ̄:

γ = ln χ̄ −
(

χ′2

χ̄2
+ 1

)/

2, (21)

σ =

√

ln
(

χ′2

χ̄2
+ 1

)

. (22)

This model and the previous models are compared and
assessed using DNS data. The results are given in
Sec. 5.3.

5. RESULTS AND DISCUSSION

5.1. FSD Transport Equation

From phenomenological considerations, the FSD
may also be defined as the flame surface area δA com-
prised in a volume [14]:

δA =
∫

δV

ΣdV. (23)

This method is useful to estimate the FSD from DNS
data. In a two-dimensional configuration, it involves
calculation of the flame length within a mesh area
ΔxΔy.

The resulting computational fields were then ex-
tracted and investigated. Figure 2 displays the contours
of instantaneous vorticity and DNS results for the flame
surface density at different turbulence interaction times,
based on the initial eddy turnover time te = lt/ut, where
lt is the initial integral length and ut is the initial tur-
bulent velocity. The initially planar laminar flame is
stretched and distorted by the turbulence. However,
vorticity near the flame zone is weakened both due to
an increase in kinematic viscosity with temperature and
volumetric expansion. As the turbulence distorts the
flame, peak FSD values appear near the curved regions
of the flame front. Aside from the FSD, the scalar dis-
sipation rate χ is a useful measure of the behavior of
non-premixed combustion. A scatter plot of χ versus
the mixture fraction at the time t = 0.75te is shown in
Fig. 3. The solid curve indicated by the arrow represents
the results for the laminar flame. Owing to turbulence,
a considerable scatter of the scalar dissipation rate de-
parting from the laminar flame prediction is observed.
The peak values appear around the mixture fraction

Fig. 3. Scatter plots of the scalar dissipation rate at
t = 0.75te: the solid curve (indicated by the arrow) is
the laminar prediction; data points are skipped every
3 points in the y direction.

Z = 0.6. There exists a shoulder profile in both laminar
and turbulent cases around the location of the stoichio-
metric mixture fraction Zst. This location corresponds
to the flame region where energy is released. The high
viscosity in this location levels off the gradients of the
mixture fraction, thereby reducing the values of χ.

Figure 4 is a scatter plot of the instantaneous nor-
mal displacement speed wn as a function of the mixture
fraction Z at three different times during the interac-
tion of turbulence with the flame. The laminar and
turbulent cases have the same overall trend. The nor-
mal displacement speed wn is induced by diffusion pro-
cesses normal to the mixing zone, which thickens with
time [14]. In the fuel region, the iso-Z-surfaces have neg-
ative values of wn, as the surfaces displace toward the
fuel side. In the oxidizer region, the displacement speeds
w are mostly positive. This indicates that iso-Z-surfaces
move toward the oxidizer side and displace away from
the central region. In a small region near Zst, however,
slightly negative values of wn are observed. This result
suggests that the fuel is locally deficient, causing the
isosurfaces to propagate toward the fuel side. Note, in
the neighborhood of Zst, the straining motion induced
by the turbulence causes the iso-Z surfaces to displace
toward one another. This is evident by the fact that the
normal displacement speeds wn are positive (negative)
for Z > Zst (Z < Zst).

As given in Eq. (9), the displacement speed w
has two contributions. Figure 5 shows the variation of
the displacement speed with curvature and its contri-
butions along the stoichiometric line. As expected, the
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Fig. 4. Scatter plots of the normal displacement speed wn as a function of the mixture fraction at t = 0 (a;
laminar regime) and t = 0.5te and 1.0te (b and c, respectively; turbulent regime); data points are skipped
every 15 points along the y direction.

curvature-related displacement speed wc, which is in-
versely proportional to curvature, is positive (negative)
at negative (positive) curvature and vanishes at zero
curvature. As a result, the flame surface is displaced
toward the fuel (oxidizer) stream at positive (negative)
curvature. In other words, it moves in the direction to
pull back the flame surface to its planar shape. The nor-
mal displacement speed wn appears to be weakly cur-
vature dependent. It has mostly negative values with
smaller magnitudes. This result is consistent with that
observed in Fig. 4. By virtue of this fact, the curvature-

related displacement speed wc contributes more signifi-
cantly to the total displacement speed w.

The instantaneous values of the terms in the FSD
transport equation are illustrated in Fig. 6. It is evi-
dent that the strain rate term (III) primarily behaves
as a source leading to an increase in the flame surface
area by local straining. The normal displacement term
(IV) is larger in magnitude. Its effect is basically a
convection process leading to displacement of an iso-Z-
surface. Its values are close to zero near Zst. This term
behaves mainly as a sink on the oxidizer side. On the
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Fig. 5. Scatter plots of the displacement speed w as
a function of curvature at t = te.

other hand, it behaves mainly as a source associated
with significant positive values in the region toward the
fuel. The curvature term (V) with its two contributions
is illustrated in Fig. 7. The displacement component
is responsible for both surface creation and destruction.
The curvature component, however, acts as a pure sink
term as it restores the flame surface back to its pla-
nar shape, thereby destroying the flame surface. This
curvature component has a considerably larger order of
magnitude than the displacement component. There-
fore, the curvature term (V) is primarily a sink.

Plots of this dominant curvature contribution [see
Eq. (9)] to the curvature/displacement term (V) at dif-
ferent times are given in Fig. 8. It is found as expected
that this term is a sink. The magnitude of this term
tends to increase with larger curvature magnitudes. It
would contribute more significantly if the values of cur-
vature are higher, as is expected at higher turbulence
Reynolds numbers.

5.2. Turbulence Effects:
Strain Rate and Curvature

To gain a better understanding of the evolution of
various scalar variables characterizing turbulence, Favre
averaging is performed at each x along the y axis. These
Favre-averaged quantities as a function of x are depicted
in Fig. 9 at the initial and later times corresponding to
t = 0.25te, 0.5te, 0.75te, and te. The Favre averages of
the x component velocity

ũx =
ρu

ρ̄
, (24)

where ρ is the fluid density, are shown in Fig. 9a. It
can be seen that the dilatation effect by heat release
in the flame zone induces the flame to move away from
the central region. In Fig. 9b, the overall scalar dissipa-
tion rate reduces with time as turbulence decays. The
Kolmogorov length scale [5]

η =
(

ν̃3

ε̃

)1/4

, (25)

where ν̃ and ε̃ denote the Favre-averaged kinematic vis-
cosity and the Favre-averaged kinetic energy dissipa-
tion rate, respectively, is depicted in Fig. 9c, and the
Favre-averaged dissipation rate of turbulent kinetic en-
ergy given by the formula [52]

ε̃ =
ρν

(

∂ui

∂xj
+ ∂uj

∂xi

)2

ρ̄
(26)

is shown in Fig. 9d. The Kolmogorov lengths decrease
in time in the central region of the domain (in the vicin-
ity of the flame) because of high viscosity, while in-
creasing away from the center due to decaying of turbu-
lence. Similar overall trends are observed for the Favre-
averaged energy dissipation rate. Considering the defi-
nition of η suggests that the kinematic viscosity is the
dominant parameter over the energy dissipation rate.

To better understand the turbulent flame struc-
ture and the turbulence–flame interaction, instanta-
neous contours of the CH4 reaction rate and the corre-
sponding scalar dissipation rate are examined in Fig. 10.
High values of the reaction rate appear where the flame
is relatively flat. The reaction rate peaks are located
near a region of a high scalar dissipation rate, where
the mixing rate is high. Accordingly, the reaction rates
are enhanced as the rate of supply of reactants increases.
Peak values of χ appear closer to the fuel side. Its gradi-
ents are levelled off in the location of the flame, causing
a shoulder profile exhibited in Fig. 3. Although the
reaction zone experiences strong curvature and strain
effects, the structure of the reactive zone itself does not
appear to be modified by the turbulence. This is due to
the high viscosity in the reactive zone, which weakens
the turbulence intensity. This suggests that the flamelet
concept is applicable in this case.

To gain additional insight into the turbulence–
combustion interaction, correlations of the reaction rate
with the strain rate and curvature are analyzed. The
strain rate is associated with the rate of tangential
strain acting on the flame surface [10, 14] and is given
by

at = ∇ · u − nn : ∇u. (27)
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Fig. 6. Scatter plots of the instantaneous values of the terms in the flame surface density transport equation
at t = te: A, B, and C are terms III, IV, and V of Eq. (8), respectively; the stoichiometric mixture fraction is
Zst =0.226.
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Fig. 7. Scatter plots of the instantaneous values of the displacement/curvature term C [term V of Eq. (8)] and
its curvature component C1 and displacement component C2 [Eq. (9)] at t = te.
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Fig. 8. Scatter plots of the instantaneous values of the curvature component term [Eq. (9)] as a function of
curvature along the Zst line at t = 0.5te (a) and te (b).

Fig. 9. Plots of the Favre-averaged quantities of the x-component velocity (a), scalar dissipation rate (b),
Kolmogorov length (c), and energy dissipation rate (d) as a function of x at different times.
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Fig. 10. Equispaced contours with 15 levels of the
scalar dissipation rate (dot-and-dashed curve) over-
laid by the reaction rate of CH4 (solid curve) at
t = 0.75te: the contours of the dissipation rate and
the CH4 reaction rate range from 6.2 to 92.7 sec−1

and from 1.9 to 28.3 kg/m3, respectively.

Once again, the curvature K is defined positive if the
flame is convex toward the oxidizer [14].

Figure 11 is a scatter plot of the CH4 reaction rate
and the strain rate at several times. It can be concluded
from these statistics that the magnitudes of the CH4 re-
action rate are very close to zero in regions of negative
stain rates and increase with increasing positive strain
rates. This is caused by an increase in the flame surface
area due to straining. As the time increases, most data
points are clustered together at the value of the strain
rate close to 1200 sec1. A scatter plot of the CH4 re-
action rate with K is shown in Fig. 12. The reaction
rate increases as the curvature decreases and reaches a
maximum value near zero curvature with time. This is
consistent with the region of the peak reaction rate ob-
served in Fig. 10. The correlation of the strain rate with
curvature at different times is illustrated in Fig. 13. It
can be seen that positive strain rates increase and neg-
ative strain rates decrease with decreasing curvature K.
These results suggest that the strained flame tends to
extend when the curvatures decrease. The peak strain
rate appears at around zero curvature and may be asso-
ciated with the maximum reaction rate observed in Figs.
11 and 12. Notice from Figs. 11–13 that the degree of
scatter becomes smaller at later times due to weakened
turbulence. The other marked statistical trend is that
most of the data points correspond to positive strain
rates, resulting in their statistical average being posi-
tive, while the averaged curvature is close to zero. This

Fig. 11. Scatter plots of the CH4 reaction rate as a func-
tion of the strain rate at t = 0.2te (a), 0.5te (b), and
te (c).
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Fig. 12. Scatter plots of the CH4 reaction rate as a func-
tion of curvature at t = 0.2te (a), 0.5te (b), and te (c).

Fig. 13. Scatter plots of the strain rate as a function
of curvature at t = 0.2te (a), 0.5te (b), and te (c).
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result is consistent with previous works observed in pre-
mixed flame combustion [17, 53].

5.3. Model for the Mean Variance
of the Scalar Dissipation Rate

In this section, the capability of the scale similar-
ity model in estimating the mean variance of the scalar
dissipation rate, previously presented in Sec. 4, is in-
vestigated. The mean variance of the scalar dissipation
rate modeled by the scale similarity assumption [Eq.
(20)] and the previous model calculated by Eq. (18)
are tested a priori. The DNS database with a larger
domain of 2.0× 2.0 cm, considered in [25], is employed.
The DNS data with 512×512 resolution are filtered and
used for the purpose of assessment. The filtered value
f of the quantity f is

f(x, t) =
1
Δ

∫ Δ

0

f(x′, t)dx′, (28)

where Δ has a size of 32 cells of the DNS grid. In this
investigation, the parameter σ equal to unity is used, as
suggested in [48, 49]. Estimates of χ′2 can be computed
by both models. Figure 14 shows the equispaced isocon-
tours of the mean variance of χ calculated by the previ-
ous model and the new scale similarity model; the values
computed directly from DNS data are also plotted. To
facilitate a direct comparison, the contours in all figures
have the same 20 levels. It is clear from the compari-
son that the contour profiles predicted by the proposed
model are much more similar to those calculated from
DNS than those from the previous model predictions.
To further examine the results, scatter plots comparing
the modeled values of χ′2 with actual DNS values are
shown in Fig. 15 for the previous model and the new
scale similarity model. Each figure shows a line of unity
slope representing the exact model. It can be easily seen
that the data points of χ′2 computed by the scale sim-
ilarity model match the actual DNS values reasonably
well, while previous model predicts the values poorly, as
their magnitudes are too large. To perform quantitative
comparisons of the models, we calculated the variance
(ε) of the modeled quantity x by the formula

ε =

⎡

⎢

⎢

⎣

N
∑

i=1

(ximod − xiDNS)2

N
∑

i=1

(xiDNS)2

⎤

⎥

⎥

⎦

1/2

,

where N is the number of data points and the subscript i
refers to the data point. The values of ε calculated by
the previous and proposed models are 21.04 and 0.39,
respectively. Predictions of χ′2 are greatly improved by
using the scale similarity model.

Fig. 14. Equispaced contours with 20 levels ranging
within χ′2 = 0–7000 sec−1 obtained by the previous
model (a), new scale similarity model (b), and DNS
data (c).
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Fig. 15. Scatter plots of the actual values of χ′2 versus the values obtained by the previous model (a) and
the new model (b).

CONCLUSIONS

The direct numerical simulation of turbulent non-
premixed flames of a wood pyrolysis gas, coupled with a
realistic chemistry, was performed. The physical prob-
lem consists of the interaction between an initially un-
strained laminar diffusion flame and a homogeneous
field of decaying turbulence. The effects of turbulence
on the flame structure were captured as the flame was
stretched and distorted. The database obtained pro-
vides a better understanding of the turbulence flame
structure and interaction between turbulence and chem-
istry, which is useful in improving and validating models
of turbulent non-premixed combustion.

The normal displacement speed wn is positive in
the oxidizer region (Z < 0.5) and negative in the fuel
region (Z > 0.5). However, negative values of wn are
observed near the Zst region, suggesting that the fuel is
locally deficient, leading the flame propagation relative
to the flow field toward the fuel side. In the region near
Zst, the straining motion induced by the turbulence
causes the iso-Z-surfaces to move close to each other.
The normal component of the displacement speed w is
nearly constant, while the curvature-related component
behaves in such a way to bring the curved flame to the
flat flame.

Individual terms in the FSD transport equation
were analyzed. The strain rate term is mainly a source
as the flame surface is strained and extended. The
normal displacement term wn, which has a larger or-
der of magnitude, contributes negatively (positively) to

generation of the flame surface in the oxidizer (fuel)
region. The displacement/curvature term is primarily
a sink since it is dominated by the curvature compo-
nent, −ΣD(∇ · n)2. This curvature term has the rel-
atively smallest order of magnitude attributed to rela-
tively small values of curvature.

Correlations of reaction rates with the strain rate
and flame curvature are found. Reaction rates that are
found to be high in regions of a high scalar dissipation
rate increase with increasing positive strain rates. This
is due to an increase in the flame surface area by strain-
ing. As magnitudes of curvature decrease, the reaction
rates increase and reach a maximum value near zero
curvature. From the correlation of strain with curva-
ture, it is found as expected that strain rates become
more positive with decreasing magnitudes of curvature
as the flame is stretched. Lastly, the validity of the new
model using the scale similarity assumption in obtaining
closure for the mean variance of the scalar dissipation
rate was examined and evaluated. The results show
that the scale similarity model provides a much more
accurate prediction over the existing model.
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